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Abstract 

 
In this research the natural frequency of a cracked simple supported beam (the crack is in many places and in 

different depths) is investigated analytically, experimentally and numerically by ANSYS program, and the results are 

compared. The beam is made of iron with dimensions of L*W*H= (0.84*0.02* 0.02m), and density = 7680kg/m3, 

E=200Gpa. A comparison made between analytical results from ANSYS with experimental results, where the biggest 

error percentage is about (7.2 %) in crack position (42 cm) and (6 mm) depth. Between Rayleigh method with 

experimental results the biggest error percentage is about (6.4 %) for the same crack position and depth. From the error 

percentages it could be concluded that the Rayleigh method gives close results to experimental than ANSYS. Also it is 

found that the frequency of beam when the crack is in the middle position is less than the frequency with crack near the 

end position. 
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1. Introduction 
 

The importance of the beam and its 
engineering applications is obvious, and it 

undergoes many different of loading. Many types 

of loading may cause cracks in the beam. These 
cracks and their locations effect on the shapes and 

values of the beam frequency. Recently these 

topics are so prevailing in the industry of 

spacecraft, airplanes, wind turbines, turbines, 
robot arm and many other applications.  

Many studies were performed to examine the 

vibration and dynamic of cracked beams; one of 
them was Shen and Pierre[1],who present a finite 

element approach which make it possible to 

predict in the first few eigen frequencies due to 

cracks (pairs or single open cracks).The change in 
the first natural frequency with crack depth is 

matched closely by the present finite element 

approach and also with the experimental results.  
Also, Shen and Pierre [2] derived the equation 

of motion with associated boundary conditions for 

uniform Bernoulli-Euler beam. The resulting 
equation is solved for simple supported and 

cantilevered beams with single edge cracks by 

Galerkin and Ritz procedure; they matched the 
theoretical results with the experimental and finite 

element results and they match closely.  

Chati et . al. [3] modeled the non-linearity as a 
piecewise-linear system. In an attempt to define 

effective natural frequencies for this piecewise 

linear system, the idea of a 'bilinear frequency' is 

utilized. The finite element method is used to 
obtain the natural frequencies in each linear 

region.  

Choondros et. al [4]studied the dynamics of a 
cracked fixed-free bar with a breathing crack in 

longitudinal vibration. They showed in results the 

eigenfrequency changes due to a single open-edge 
breathing crack in order to depend on the bilinear 

character of the system. They tested their method 

fordifferent bar configurations corresponding to 

crack location, crack depths, cross-section 
dimensions, andPoisson's ratio. The natural 

frequencies obtained from this model agree well 

with experimental results. 
Choondros et. al [5]used a continuous cracked 

beam vibration theory for predication of changes 

in transverse vibration of simply supported beam 
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with a breathing crack. They found that the 
changes in vibration frequencies for fatigue 

breathing crack are smaller than the ones caused 

by open cracks. Utilizing aluminum beams with 
fatigue cracks for experimental setup they 

compared the results with the analytical. 

Chondros[6]used a continuous cracked beam 

vibration theory for predication of changes in 
dynamic characteristic due to loading conditions 

and vibration amplitude. He used the numerical 

results to correlate the analytical results for 
lumped crack beam vibration analysis for 

aluminum and steel beams with open cracks. He 

supported the theoretical result by experimental 

results for the same cases. 
Cam and et. al. [7] studied ,experimentally and 

theoretically, the effect of the crack on vibration 

of cracked beam. They used echo method for 
predication the size and location of the crack in 

cracked beam. They found that the theoretical 

results (ANSYS) agreed with experimental 
results.  

In this paper, three approaches are employed, 

an analytical approach is compared with 

experimental result and with that gained 
numerically by ANSYS program to verify the 

results. 

The objective of this paper is to study the 
effect of crack depth and position on the natural 

frequency of the simple supported beam and to 

find the best method that gives good results to be 
compared with experimental results. 

 

 

2. Theoretical Approach 

 

2.1. Analytical Approach (Rayleigh 

method) 
 

Rayleigh method is a good method and simpler 

than the other analytical methods for finding the 
natural frequencies. It includes calculating the 

kinetic energy and potential energy of the system. 

where the kinetic energy can be calculated by 

integration the mass through length of the beam 
and the potential energy by integration the 

stiffness through the length of the beam. So one 

can get from the above, S. S. Rao [12]: 
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Where, 

 is the natural frequency of beam. 

E is the modulus of elasticity of beam (N/m2). 
I is the second moment area od cross section area 

of beam (m4). 

 is the mass density of beam (kg/m3). 
A is the cross section area of beam (m2). 
g is the gravity acceleration (9.81 m/s2). 

mi is the mass in each Rayleigh  divided point of 

beam. 

yi is the deflection in each Rayleigh  divided point 
of beam.   

By calculating the deflection of the beam(y(x)) 

using the following steps: 

1. Dividing the beam into (n) parts (i.e. (n+1) 

nodes). 

2. Calculating the delta matrix [δ]((n+1)* (n+1)). 

3. Calculating the mass matrix [m]((n+1). 
4. Calculating the deflection at each node by 

multiplying delta matrix and mass matrix ([y] 

(n+1)= [δ]((n+1)* (n+1)) [m]((n+1)) after applying the 
boundary conditions.  

The analytical results are solved using 

MATLAB. Where a MATLAB program that 
simulated the Rayleigh method is written in order 

to calculate the first natural frequency of any 

beam (Different materials, different dimensions 

and different shape). 

 

2.2. Numerical Approach (Finite 

Elements Method) 
 

In this method, the finite elements method was 

applied by using the ANSYS program(ver.13). 

The three dimensional model were built and the 

element (Solid Tet 10 node 187) were used. 
Generally the number of nodes was 

approximately (1250-1300) and the number of 

elements was (550-600). A sample of meshed 
beam is shown in Fig. 1. 
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a) Meshed Beam without Crack. 

 

 
 

b) Meshed Beam with Crack at 12 cm from Left 

End. 

 

 
 
c) Meshed Beam with Crack at 22 cm from Left 

End. 

 

 

 
d) Meshed Beam with Crack at 32 cm from Left 

End. 

 

 

 
e) Meshed Beam with Crack at 32 cm from left End. 

 

Fig. 1. A sample of a Meshed Beam. 

3. Experimental Approach 

 
The (TM16 universal vibration apparatus) 

from TQ company is employed in this study and 

is shown in Fig. 3. The dimensions of the 

specimen used are (L*W*H=0.84*0.02 *0.02 m) 
as shown in Fig. 2. The material of the specimen 

was stainless steel (Code No.: 314, Robert L. 

Norton [16]) with density of (7680 kg/m
3
), 

calculate by divided the weight of beam per 
volume of beam, Young modulus (200 GPa)  and 

Poisson’s Ratio (0.3). 

The crack was created in the specimens with 
certain dimensions of crack ;(see Table (1)). 

 

 

 
 

 

 
 

 

 

 

 

 

 

 

Table 1, 

Dimensions of the Cracks that Used Experimentally. 

Specimen No. 
Crack Location  

(m) 

Crack Length 

(m) 

Crack 

Width (m) 

Crack Depth  

(mm) 

1 0.12 0.2 0.0015 0 2 4 6 8 10 

2 0.22 0.2 0.0015 0 2 4 6 8 10 

3 0.32 0.2 0.0015 0 2 4 6 8 10 

4 0.42 0.2 0.0015 0 2 4 6 8 10 

5 0.54 0.2 0.0015 0 2 4 6 8 10 

6 0.64 0.2 0.0015 0 2 4 6 8 10 

7 0.74 0.2 0.0015 0 2 4 6 8 10 
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Fig. 2. Dimension and Crack Depth and Crack Position of Samples Test.  
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Fig. 3. The Universal Vibration Apparatus.  

 

 

Motor 

Added mass 

Left supported  Right supported  

 

Velocity meter  
Sample (beam) 

(a) The Universal Vibration Apparatus. 

 

(b) Motor. (c) Added Mass. (d) Velocity Meter.  

(e) Left and Right Supported. 
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Table 2, 

 Natural Frequency with Different Crack Position and Crack Depth. 

Crack 

Position 

(cm) 

Crack 

Depth 

(mm) 

Frequency (Hz) 
Error Exp. 

and ANSYS 

(%) 

Error Exp. 

and Rayleigh 

(%) 
Experimental ANSYS Rayleigh Method 

12 

0 143.74 148.81 145.2758759 3.5 1.06 

2 141.42 148.7 145.2784708 5.15 2.73 

4 146.805 148.46 145.2810655 1.13 1.04 

6 141.99 148.01 145.2836602 4.2 2.3 

8 142.5665 147.39 145.2862548 3.4 1.9 

10 139.75 146.5 145.2888493 4.8 3.96 

22 

0 143.74 148.81 145.2758759 3.5 1.07 

2 153.57 148.8 145.2784708 3.1 5.4 

4 149.4 148.77 145.2873931 0.42 2.75 

6 152.85 148.69 145.2931524 2.7 4.9 

8 149.4 148.61 145.2989122 0.53 2.7 

10 141.42 148.43 145.3046725 4.95 2.7 

32 

0 143.74 148.81 145.2758759 3.5 1.07 

2 150 148.65 145.2784708 0.9 3.15 

4 139.2 148.17 145.2873931 6.4 4.4 

6 139.75 147.35 145.2931524 5.4 3.96 

8 142.56 146.03 145.2989122 2.4 1.9 

10 138.144 144.03 145.3046725 4.26 5.18 

42 

0 143.74 148.81 145.2758759 3.5 1.06 

2 140.3 148.54 145.2886394 5.87 3.6 

4 141.3 147.77 145.3014064 4.6 2.8 

6 136.59 146.44 145.3141768 7.2 6.4 

8 140.3 144.43 145.3269508 2.9 3.6 

10 141.99 141.44 145.3397282 0.39 2.4 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 
 
 

 

 

Fig. 4. The Comparison between the Experimental 

and ANSYS Results at Different Crack Depths 

When the Crack lies at (12 cm) . 
 

 
 

 

 

 

 

 
 

 

 
 

 

 
 

 

 

 
 
 

Fig. 5. The Comparison between the Experimental 

and ANSYS Results at Different Crack Depths 

When the Crack lies at (22 cm) . 

 

 

 

100

110

120

130

140

150

160

0 2 4 6 8

F
re

q
u

en
cy

 (
H

z)
.

Crack Depth (mm).

ANSYS

Experimental Linear

100

110

120

130

140

150

160

0 2 4 6 8

F
re

q
u

en
cy

 (
H

z)
.

Crack Depth (mm).

ANSYS

Experimental Linear



 Luay S. Al-Ansari                                 Al-Khwarizmi Engineering Journal, Vol. 8, No. 2, PP 30- 41(2012) 

36 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 

 
 
Fig. 6. The Comparison between the Experimental 

and ANSYS Results at Different Crack Depths 

When the Crack lies at (32 cm) . 

 
 

 

 
 

 

 

 
 

 

 
 

 

 

 
 

Fig. 7. The Comparison between the Experimental 

and ANSYS Results at Different Crack Depths 

When the Crack lies at (42 cm) . 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 
 
Fig. 8. The Comparison between the Experimental 

and Rayleigh Method Results at Different Crack 

Depths When the Crack lies at (12 cm) . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 9. The Comparison between the Experimental 

and Rayleigh Method Results at Different Crack 

Depths When the Crack lies at (22 cm) . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 10. The Comparison between the Experimental 

and Rayleigh Method Results at Different Crack 

Depths When the Crack lies at (32 cm) . 

 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 
Fig. 11. The Comparison between the Experimental 

and Rayleigh Method Results at Different Crack 

Depths When the Crack lies at (42 cm) . 
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Fig. 12. The Comparison between the Experimental 

and ANSYS Results at Different Crack Position 

When the Crack Depth is (2mm). 

 
 

 
 

 

 

 
 

 

 
 

 

 
 

 

 
Fig. 13. The Comparison between the Experimental 

and ANSYS Results at Different Crack Position 

When the Crack Depth is (4mm) . 

 

 

 
 

 

 

 
 

 

 
 

 

 
 

 

 
Fig. 14. The Comparison between the Experimental 

and ANSYS Results Different at Crack Position 

When the Crack Depth is (6mm) . 

 

 
 

 

 
 

 

 

 
 

 

 
 

 

 
 

Fig. 15. The Comparison between the Experimental 

and ANSYS Results at Different Crack Position 

When the Crack Depth is (8mm). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 16. The Comparison between the Experimental 

and ANSYS Results Different at Crack Position 

When the Crack Depth is (10mm) . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 17. The Comparison between the Experimental 

and Rayleigh Method Results at Different Crack 

Position When the Crack Depth is (2mm) . 
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Fig. 18. The Comparison between the Experimental 

and Rayleigh Method Results at Different Crack 

Position When the Crack Depth is (4mm). 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 19. The Comparison between the Experimental 

and Rayleigh Method Results at Different Crack 

Position When the Crack Depth is (6mm). 

 
 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 
Fig. 20. The Comparison between the Experimental 

and Rayleigh Method Results at Different Crack 

Position When the Crack Depth is (8mm). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 21. The Comparison between the Experimental 

and Rayleigh Method Results at Different Crack 

Position When the Crack Depth is (10mm). 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 22. Relationship between Natural Frequencies 

and Crack Depths for Different Crack position (12, 

22, 32, 42 cm). ANSYS Results. 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Fig. 23. Relationship between Natural Frequencies 

and Crack position for Different Crack Depths (0, 

2, 4, 6, 8, 10  mm). ANSYS Results. 
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4. Results and Discussion 

 
A comparison made between analytical results 

from ANSYS with experimental results shows a 

good approximation where the biggest error 

percentage is about (7.2 %) in crack position (42 
cm) and (6 mm) depth, as illustrated in Fig. 7. and 

the comparison between Rayleigh method with 

experimental results shows a good approximation 

where the biggest error percentage is about (6.4 
%) in crack position (42 cm) and (6 mm) depth, as 

illustrated in Fig. 11. 

Figs. 4, 5, 6, and 7. explain the comparison 
between theoretical results (ANSYS) and 

experimental results for natural frequency and 

how it changes with crack depth for different 

crack position (12, 22, 32, and 42 cm) where the 
natural frequency decreased with increasing crack 

depth for the same crack position because of the 

decreasing of stiffness of the beam.  
Figs. 8, 9, 10, and 11. show the comparison 

between Rayleigh method and experimental 

results for natural frequency and how it changes 
with crack depth for different crack position (12, 

22, 32, and 42 cm) where the natural frequency 

decreased with increasing crack depth for the 

same crack position because of decreasing of 
stiffness of the beam.  

Figs. 12, 13, 14, 15, and 16. The explain the 

comparison between theoretical results (ANSYS) 
and experimental results for natural frequency and 

how it changes with crack position for different 

crack depth (2, 4, 6, 8, and 10 mm) where the 
natural frequency decreased with increasing crack 

position for the same crack depth because of the 

decreasing of stiffness of the beam. 

Figs. 17, 18, 19, 20, and 21. explain the 
comparison between Rayleigh method and 

experimental results for natural frequency and 

how it changes with crack position for different 
crack depth (2, 4, 6, 8, and 10 mm) where the 

natural frequency decreased with increasing crack 

position for the same crack depth because of the 

decreasing of stiffness of the beam. 
Generally from all the figures one can see that 

the natural frequency decreases with increasing 

crack depth for different crack positions because 
of the changing in stiffness of the beam. And the 

rate of decreasing for experimental is close for 

different crack positions. For ANSYS the rate of 
decreasing of natural frequency is the biggest in 

crack position (42 cm). And, for Rayleigh method 

the rate of decreasing is close for different crack 

positions, as shown in Figs. 22. and 23. and Table 
(2). 

 

5. Conclusion 

 
From the results shown in the Figs. 4 to 23, the 

following concluding marks are observed: 

1- A comparison made between analytical results 

from ANSYS with experimental results shows 
a good approximation where the biggest error 

percentage is about (7.2 %) in crack position 

(42 cm) and (6 mm) depth, as shown in Fig. 7. 

2- The comparison between Rayleigh method 
with experimental results shows a good 

approximation where the biggest error 

percentage is about (6.4 %) in crack position 
(42 cm) and (6 mm) depth, as shown in Fig. 

11. 

3- From the error percentages  in Table 2, the 

Rayleigh method gives close results to 
experimental than ANSYS.    

4- The crack in the beam has an effect on the 

stiffness of the beam; this will affect the 
frequency of the beam. So, with the increasing 

of the crack depth, the stiffness of beam will 

decrease and this will cause a decreasing in the 
natural frequency of the beam. 

5- The position of crack in the beam near the 

middle of the beam has more effect on the 

stiffness and natural frequency of beam from 
the other positions (near to the ends of the 

beam), i.e. frequency of the beam when the 

crack is in the middle position has a lower 
frequency of the beam with respect the cracks 

near to the end position. 
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 دراسة تحلٍلٍة وعذدٌة لتأثٍر الشك على التردد الطبٍعً للعتبات رات التثبٍط البسٍط

 
 لؤي صادق محمذ    مهنذ لفتة الىائلً    علً محمذ حسٍن

 خبيعة انكىفة/ كهية انهُذسة/ لسى انهُذسة انًيكبَيكية

  

  

 

 الخلاصة

  
جى في هزا انجحث دساسة جأثيش انشمىق عهى انحشدد انطجيعي نهعحجبت اندبسئة ثحشية حيث جى دساسة جأثيش يىلع وعًك انشك عم انحشدد انطجيعي نهعحجة 

عشض *طىل) وجى يمبسَة انُحبئح يع ثعضهب انجعط نعحجة يصُىعة يٍ انفىلار ثإثعبد. (ANSYS)ورنك ثطشيمة عًهية ،وجحهيهية ،وعذدية ثبسحخذاو ثشَبيح 

 حيث وخذ اكجش ANSYSجى يمبسَة انُحبئح انًسححصهة يٍ ثشَبيح .(ρ=7680kg/m3)وكثبفة  ( E=200Gpa) وخىاص 0.02m*0.02*0.84)=سًك *

 6.2و وخذ اكجش َسجة خطب هي . ، وجًث كزنك يمبسَة انُحبئح انًسححصهة يٍ طشيمة سايهي وانعًهي(يى6)وعًك  (سى42)نًىلع شك  % 7.2َسجة خطب هي 

وخذ أٌ وكزنك . ANSYSيٍ ليى َست انخطأ يًكٍ الاسحُحبج اٌ طشيمة سايهي جعطي َحبئح الشة نهعًهي يٍ طشيمة . (يى6)وعًك  (سى42)نًىلع شك % 

.جشدد انعحجة عُذيب يكىٌ انشك في يُحصفهب الم يٍ جشدد انعحجة عُذيب يكىٌ انشك ثبنمشة يٍ أطشافهب  


