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Abstract

Based on Lyapunov exponent criterion, the aircraft lateral-directional stability during critical flight cases is
presented. A periodic motion or limit cycle oscillation isdisplayed. A candidate mechanism for the wing rock limit cycle
is the inertia coupling between an unstable lateral-directional (Dutch roll) mode with stable longitudinal (short period)
mode. The coupling mechanism is provided by the nonlinear interaction of motion related terms in the complete set
equations of motion. To analyze the state variables of the system, the complete set of nonlinear equations of motion at
different high angles of attack are solved. A novel analysis including the variation of roll angle as afunction of angle of
attack is proposed. Furthermore the variation of Lyapunov exponent parameter as function of time is introduced. The
numerical result indicated that the system became lightly damped at high angle of attack with increasing the amplitude
of aircraft state variables limit cycle. A good agreement between the numerical result and published work is obtained

for the onset of limit cycle oscillation, almost at(a = 20° — 23°).

Keywords: wing rock; nonlinear dynamic system; limit cycle oscillation.

1. Introduction

The wing rock phenomenon is a sdf-sustained
oscillatory mode, typical of several modern high
performance aircraft which exhibit constant
amplitude rolling oscillations at moderate and
high angle of attack. Such dynamic systems
typically possess a limit cycle which becomes
stable after a buildup phase. These oscillations are
sustained around a state at which the energy
generation at lower amplitudes and the dissipation
at larger amplitudes are balanced [1]. While
maneuvering at angle of attack, many high
performance aircraft can experience a sdf-induced
limit cycleroll oscillation called awing rock. This
unwanted motion may result in limitations being

placed on the aircraft's flight envelop [2]. The
wing rock may diminish the flight effectiveness or
even present a serious danger due to potential
instability of aircraft [3]. The wing rock is
undesirable because the oscillatory motion has an
adverse effect on maneuverability and reduces the
tracking accuracy [4]. From dynamics view,
aerodynamic stability derivatives show that the
wing rock is related to instability in Dutch roll
mode of motion of aircraft [4]. Studies of the
candidate wing rock mechanism showed that the
unstable lateral-directional (Dutch roll) mode,
when inertial coupled with a stable longitudinal
(short period) mode, can establish a stable
response  (limit cycle) in sense of
Lyapunov[4].Brad S.Liebst studied the trigger
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parameter and a simple procedure developed to

predict the onset of a wing rock [5].Chung-Hao TableA,
Hsu studied the aerodynamic mathematical model Geometrical Configuration, Inertia Properties and
to calculate the wing rock characteristics. The the Aerodynamic Model for F-15 Aircr aft:
resulting nonlinear flight dynamics equations of Wing area (m?) 56,485
both one and three degree of freedom are solved _
with Beecham-Titchener asymptotic method for Wing span (m) 13.045
limit cycle amplitude and wing rock frequency[6]. Mean chord (m) 4.861
Emad N. Sudlgd the beh.awor of a limit cycle Vehide weight (kg) 18522 44
wing rock motion resulting from new couple ,
effect including dihedral effect derivative and L (kg.m?) 38968.9
directional stability derivative[7]. ly (kg.m?) 224172.8

The present WOI’!( focus.ed. on the varigtion of | (kg.m?) 255130.7
the aircraft state variables limit cycle amplitude at

Aspect ratio 3.0

different values of the angles of attack. The
numerical results indicated that the system Cro 3.4385
became more lightly damped at an angle of c, 0.0315
attack («=20"—-23") . The variation of
Lyapunov exponent parameter as a function of
timeto predict the stability of aircraft is presented.
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F-15 Airoraft
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2. Aerodynamic M odel T iy

The high performance basdine aircraft, F-15
with Mach number=0.6 and height=10.6 Km, was
taken into consideration in the present work. The
aircraft fixed-coordinate systems, geometrical 1
configuration, inertia  properties and the
aerodynamic mode are a hybrid from references {

ol

Lift comatfichant

[8], [9] and [10].These vaues are listed in
tabldA].

C 0 1 — T a ' 4p 50
L7

Summaries of estimated lift coefficient Angla of attack (deg.)

drag coefficient Co are shown in Figs. 1 to 2,
respectively. Fig. 1. Lift Coefficient
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Fig. 2. Drag Coefficient

The aerodynamic modd is based on
the representative experimental and
flight test data [8].The stability

derivatives are estimated according to
the mathematical relations:
Stability derivatives of equations:

My = L2 Ce ()
M, =Qf; £ Cng ..
Zaz_%(CLa'FCD) (3
L, =%”(%) Cur (4
N, = Q; (L) Cr ..(5)
L, =%”(%) Cup ..(6)
N, = Q; 2(2) Car (7
Yg =%cyﬁ ..(8)
Ly =% Cg 9
Np =222 Cog ...(10)
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3. Nonlinear Equations of Motion M odel

The aircraft simulation model represents F-15
fighter aircraft which is considereda nonlinear
modal in flight dynamics system. Therefore, the
behavior of the flight regime model aircraft may
consider the limit cycle or another periodic
motion. The wing rock is one of the limit cycle
motions.

The aircraft modd (F-15 fighter aircraft)
is a nonlinear state space system, considering
small perturbations  around  the  trim
conditions. The lateral-directional system in
general form can be defined as [11]:

{XLat—Dir} = [Arat-pir X Lat-airy +

[BLat—Dir]{ULat—Dir} (ll)
Where [Apqi-qir]l = latera-directional  plant
matrix,

[BLat-pir] = Control  effectiveness  matrix,
{XLat-pir} =lateral-directional

State vector,

[Bp @ r]", {ULa¢—pir} = control input, [68,4]" ;
Bis the sideslip angle, p is the roll rate, ¢ is the
roll angle,

ris the yaw rate and 8,6, are the rudders, aileron
control angles,

respectively.

If only rudder or aileron control were under
consideration, then the control input would
simplify to a single (scalar) value. The uncoupled
set of nonlinear equations of motion was [12]:

{XLat—Dir} = [ALat-pir X Lat—pir}

{XLong} = [ALong]{XLong}

And {X_,,4} =longitudinal state vector,[a q]”.
Thelateral-directional plant matrix was defined
by:

..(12)

..(13)

[Yﬁ/U 0.0 (gcos6,)/U -1
Ly Lp 0.0 L |
[Arac-pir] =| o.% 1 0.0 0.0|
| Ny Ny 00 N, |
And
[Ayons] = Z,/U 10 g/U]
Long Muc Mq Méc

Where Y} is the change in side force caused by
a variation in thesideslip angle, Lgis the dihedral
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effect, L,is the roll damping, L, is the change in
rolling moment caused by yawing, Nz is the
directional stability, N, is the change in yawing
moment caused by rolling,N,.is the yaw damping,
U is the free stream veocity, Z,is the normal
force due to angle of attack, gis the pitch rate,a is
angle of attack, M, is the longitudinal stability
derivative and M, is the pitch damping. In full set
of equations, the small angle assumption for
motion about an initial level of flight condition
was removed and anEuler angle rdation was
introduced. Roll angle ¢ became the Euler angle
®while the pitch angle, 8, became the Euler angle
© [4]. The nonlinear relations listed below were
added to corresponding terms in Egs. (2), (3) to
obtain a full set of motion expressions. The
nonlinear additions are denoted by (NL) with the
subscript denoting the nonlinear expression to
which it is applied. Thus,

(NL)3=pa+w ..(14)
(NL)p =qr(ly —17)/1x -..(15)
(NL), = q”(”;—z"” ..(17)
(VL) = —p p + 2CoCo=Ceo) ..(18)

U
(NL)q =pr+ (IZ - IX)/IY +M0c(NL)0c (19)

In Egs. (4)- (9), trigonometric terms are shown as
Cp = COSD,Sq, = SiNnD ,Cy = cosOand Ty =
tan®

An Euler angle relationship for ®was introduced

by:

O©=qCy—1Sp ...(20)
The nonlinear set of motion relations were
obtained by including Egs. (4)-(9) as an

additional set of terms added to Egs. (2)- (3). In
addition, a seventh rdation was added, Eq. (10),
to account for the dynamics of the Euler angle ©.
As a result, the state vector for the nonlinear
system became:

{XNL}Z[,BpCDraqG)]T

The time history of the complete set of nonlinear
motion equations was solved.

..(21)
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4. Lyapunov Exponent Criterion

In order for a system to exhibit a chactic
behavior, it must be non-linear, sensitive to
varying parameters and it initial conditions.
Predictive criteriasuch as periodic doubling
criteria, Chirikov’s overlap criteria [12], or
Lyapunov exponent criteria [13] were used to
describe the chaotic behavior of the non-linear
dynamic

System In the present paper, the Lyapunov
exponent criteria will be considered to describe
the chaos behavior of non-linear state equations.
Consider an attractor point xoand a neighboring
attractor point x, +&. Then, the iterated map
function is applied n times to each value and the
absolute value of the difference between those
resultsis considered:

dn = |f™ (o + &) = £ (x0)] -(22)

If the behavior is chactic, this distance is expected
to grow exponentially with n, so

d_n — |f(n)(x0+5)+f(n)(xo)| _ an
. - =e ...(23)
or
_1 [ (xg+e)+™(xo)l
1=2in| - | .(28)

Wherelis Lyapunov exponent for the trajectory.
Applying the chain rule for differentiation, the
derivative of f (n) can be written as a product of
nderivatives off (x) evaluated at successive
trajectory points x,,x1,x,, and so on. Thus, the
definition of Lyapunov exponent in a more
intuitiveformis

2= 2In(|f Cllf G - |f Gend])  ...(25)
Where f'(x) = df /dx ...(16)
Also, one can rewrite equation (16) as

2= 2 (In[f Geod| + In|F () + -+

I Gea)|) .(27)
When

A < 0: the orhit attracts to a stable periodic orbit.
A = 0: the orbit is aneutral fixed point

(a bifurcation occurs).

A > 0: the orbit is unstable and chaotic.
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5. Reault and Discussion

A basdine aircraft F-15 is taken into
consideration in this analysis with Mach no. =0.6
at H=10.6 Km.To demonstrate the state variables
in a wing rock phenomenon, the nonlinear
equations of motions at high angles of attack were
solved.In this study, the wing rock limit cycle F-
15 is characterized by modifying the directional
stability derivatives in a plant matrix. A buildup
of roll angleto limit cycle oscillation can be found
in Fig. 3. with {,_p = —0.4 and angle of attack
=20 deg.

il " (F-15 At hach=0.6 H=10.6 Km |
ng-]‘\ | :}rlj |] “, Ir}i l Iﬁ I|| [
i 1| | ‘ Hif | |
of JW'L.‘ I lJ

Fig. 3. Rall Limit Cycle Buildup, {=-0.4at a=20 deg.

A representative buildup roll and sideslip
angles are indicated in Fig.5. It can be noted that
the amplitude ratio of |®|:|B] =7.45 with a
phase lag of sidedlip to roll angle Fig.4.
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F-15 AjrcraftMach=0.6 H=10_6 Km
1]
[H1)

amplitude (deg.)

o : a0 : 80 ' 120

Fig. 4. Limit Cycle Histories of ® and B, {=-0.4 and
0=20 deg.

A comparative time history of roll angle and
angle of attack perturbations during the limit cycle
isshownin Fig.5. It should be noted that the angle
of attack perturbations show a doubling relative
the roll limit cycle frequency. This feature,
described as kinematic coupling, can be attributed
to the terms of Egs. (8) and (9) respectively. An
aternate perspective of wing rock limit cycle may
be obtained from a cross plot of sideslip angle
with roll angle.

B0 —

#t)
ail)

;_ | l]j']” |'|I
| m IWJJJJ |

Fig. 5. Limit Cycle Hostories ® and a, {=-0.4 and
0=20 deg.

[FJS Aircrait Mach=0.5 H=10.6 xml

—
e

amplilude (deg.)

B0 —

The trajectory corresponds to amplitude ratio
of |®| to|B] that equalsto 7.45 and 54.8 phase lag
of sidedlip relative to the roll angle ,as illustrated
in Fig.6.It explains that the oscillatory behavior of
the map is at a constant amplitude.
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End F-15 Aircraft:
i

Sideslip angle (deg.)
[=]
[

Starl
L J T I T l T
-80 -40 0 40 B0

Roll angle (deg.)

Fig. 6. Limit Cycle Phase Trajectory, {=-0.4 and
a=20deg.

Fig.7. shows the variation of roll angle
amplitude with damping ratio. It is apparent form
this figure that the limit cycles, when Dutch roll
damping less than zero, correspond to a pitchfork
type of hopf bifurcation, because the static
equilibrium does not exist.

BOf
|[F-15 Adrcratt:M=0 6.4=10.6 Km
14 Limil cycie F __'______‘
| g
40 = L
- =
& L
2 P
-
g 1 e R
= e
: N
= e Unstabla equilibrium
[+ .
& e
E =40 = --,,____E
—~
R
0l - : ' -
1] 0.2 0.4 0.6
Damping ratio,J

Fig.7. Stability Traits of Nonlinear Oscillator.

The effect of Dutch roll damping ratio {,_z oOn
the roll ®,sideslip pand angle of attack a limit
cycle amplitudes is shown in Fig.8 subject to
constraint that the frequency ratio (ws,/wpr)
was 2 .

BO y
|[F-15 Aircrattm=0.6.H=106 Km
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|
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e e,
= 440 o
& —
.
B
0L 1 - ' -
1] 0.2 0.4 48
Damoina ratio.2

Fig.7. Stability Traits of Nonlinear Oscillator.

The effect of Dutch roll damping ratio {,_z on
the roll ®,sideslip pand angle of attack a limit
cycle amplitudes is shown in Fig.8 subject to
constraint that the frequency ratio (ws,/wpr)
was 2 .

80
F-15 Adrcraf
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" L1
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Fig. 8. Effect of Damping Ratio on Limit Cycle
Amplitude, £&=-0.4 and a=20 deg.

The trend is one of increasing amplitude with
increasing levels Dutch-roll model damping
instability. The effectof frequency ratio

(wsp/wDR) on the amplitude of rall, sideslip and
angle of attack is displayed in Fig.9.
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The minimum value of the amplitude is
obtained at an optimal value of (ws,/wpg) =
20 and that explains that ability of the
longitudinal motion to couple and transfer energy
for creation of a stable limit cycle.

F-15 Alrcraft:Mach=0.6 H=10.6 Km
B = B
L1
L
e
. BO -h-"“--____ __-_d_,,r*
? - ——-
=
1
=
g
20 —
—— e -1
5 M r
1.2 1.6 2 2.4 2.8
Fraquency ratio,meooe

Fig. 9. Effect of Frequency Ratio on Limit Cycle
Amplitude, £&=-0.4 and a=20 deg.

The variation of the roll limit cycle amplitude
at different angles of attack is presented in Fig.10.
This figure shows the upper and lower values of
therall limit cycle as function of angle of attack.

F-15 Adrcraft.M=0.6,H=10.6 Km
100 l & ]
iy
-—
_;--"'-'_FH-'_‘-'__
L e
— 50 =
g
=
@
=
=
g or
E
w
L]
[=.]
&
= 50 =
i _—'—-r_____\
q_hh_"—-___
il
=100 p—
T I T [ T
20 21 22 23
Angle of attack (deg.)

Fig. 10. Variation Limits Cycle Amplitude (®) at
Different Angle of Attack.

The verification of the limit cycle existence
(1 =0) at different values of angles of attack can
beindicated in Fig. (11-14).

a2 —

| F-15 Asrcrafl
b | Stabla limit cycle
4
ey
a :l-:::."'p-qﬂ"-i.---.-pl‘n-‘\---w -
e
02
04 -
sl
o 500 1000 1500 2000 2500
tirme (sec.)

Fig. 11. Lyapunov Exponent Values (Verification
L.C.0O) at =20 deg.
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Fig. 12. Lyapunov Exponent Values (Verification
L.C.O) at 0=21 deg.
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Fig. 13. Lyapunov Exponent Values (Verification
L.C.O) at =22 deg.
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Fig. 14. Lyapunov Exponent Values (Verification
L.C.0O) at 0=23 deg.
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Fig. 15. Trigger Parameter VS AOA for F-15.

6. Conclusions

The characterization of the limit cycle

oscillation in aircraft lateral dynamics is presented
in this paper. Based on Lyapunov exponent
criterion, the stability of aircraft in critical casesis
displayed. The following conclusions wear
obtained in the current work:

1

The system became more lightly damped at a
high angle of attack and the influence of the
aircraft roll damping on the behavior of the
limit cycle was found to be weak.

The variation of Lyapunov exponent parameter
as function of time is obtained. This will
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[5]
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enable the tracking of aircraft stability.Once an
indication of stability limit, the controller can
intervene to bring it back to a steady state
without having to consider the final value of
Lyapunov parameter which is implemented in
other methods and theories.

A good agreement between the numerical
result and published work is obtained for the

onset of limit cycle oscillation [14], as
represented in Fig.16.
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