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Abstract

The steady state laminar mixed convection and radiation through inclined rectangular duct with an interior circular
tube is investigated numerically for a thermally and hydrodynamicaly fully developed flow. The two heat transfer
mechanisms of convection and radiation are treated independently and simultaneously. The governing equations which
used are continuity, momentum and energy equations. These equations are normalized and solved using the Vorticity-
Stream function and the Body Fitted Coordinates (B.F.C) methods. The finite difference approach with the Line
Successive Over-Relaxation (LSOR) method is used to obtain all the computational results. The (B.F.C) method is used
to generate the grid of the problem. A computer program (Fortran 90) is built to calculate the steady state Nusselt
number (Nu) for Aspect Ratio AR (0.55-1) and Geometry Ratio GR (0.1-0.9). The fluid Prandtl number is 0.7, Rayleigh
number Ra = 400, Reynolds number Re = 100, Optical Thickness (0 <t < 10), Conduction- Radiation parameter (0 <N
< 100) and Inclination angle A = 45. For the range of parameters considered, results show that radiation enhance heat
transfer. It is also indicated in the results that heat transfer from the surface of the circle exceeds that of the rectangular
duct. Generally, Nu is increased with increasing GR, t and N but it decreased with AR increase. When the radiation
effect added to the heat transfer mechanism, the heat transfer rate increased. This effect increased with increasing in GR
and decreasing with AR. The increasing in radiation properties lead to increase the radiation effect. Tecplot 7 program
was used to plot the curves which cleared these relations and isotherms and streamlines which illustrate the behavior of
air through the channel and its variation with other parameters. A correlation equation is concluded to describe the
radiation effect. Comparison of the results with the previous work shows a good agreement.

Keywords: Mixed Convection, Radiation, Rectangular Duct, Circular Tube, Laminar Flow.

1. Introduction: employed the geometry combination of a square
duct with a centered circular core for the design of

Various heat transfer mechanisms and an oven for heat treatment of ceramic and metallic
geometries have been studied by some engineers products. They studied a situation where the
and scientists purposely to augment heat transfer central core is solid. Combined natural
in heat exchangers and some other heat transfer convection- conduction and radiation heat transfer

equipments. A numerical study of natural in discretely open cavity was studied by

convection in horizontal elliptic cylinder was
studied by (Bello-Ochende, 1985) and (Siegel,
1985) also analyzed the effect of buoyancy on
heat transfer in a rotating tube. A perturbation
analysis of combined free and forced laminar
convection in a tilted elliptic cylinder was carried
out by (Bello-Ochende and Adegun, 1993).
Thermal radiation and laminar forced convection
in the entrance region of a pipe with axial
conduction and radiation were considered by
(Yang and Ebadian, 1991) and (Dong et al, 1993)

(Dehgham et al, 1996) and (Bello-Ochende and
Adegun, 2002) also worked on combined
convective and radiative heat transfer in a tilted,
rotating, uniformly heated square duct with a
centered circular cylinder. The work under
investigation is to augment heat transfer in heat
exchangers using geometric combination of a
rectangular duct and a circular core. The working
fluid flows between the inner surface of the
rectangular duct and outer surface of the circular
cylinder.
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2. Mathematical Model:

The schematic drawing of the geometry and
the Cartesian coordinate system employed in
solving the problem is shown in Fig.(1).

Fig. 1. Schematic of The Problem Geometry.

The fluid flows between the circular tube and
the rectangular duct (Annulus). This annulus is
symmetrical about Y-axis (6/0x = 0). The width
and height of the channel are L and H
respectively. The diameter and radius of tube are
D and R respectively and the hydraulic diameter
is d:

4 4A _ 2(HL-R?)
p* (H+L+7R)

(D)

The flow is wupward, steady state,
hydrodynamically and thermally fully developed
laminar flow. Symmetrical three-dimensional
flow (symmetry about y-axis). The working fluid
is assumed absorbing and emitting. Heat transfer
mechanism is convection (free-forced) and
radiation. Viscous dissipation affect in energy
equation is negligible. Boussineq approximation
is used which means that the fluid density is
assumed constant except when it directly causes
buoyant forces (in momentum equation). All other
fluid properties are assumed constant (Newtonian
fluid). The axial (z-direction) shown in Fig.(1) is
the predominant direction for the fluid flow. A
viscous dissipation effect is neglected. Axial
conduction and radiation are assumed negligible
following (Yang and Ebadian, 1991) for a
condition that (Re Prt/ H) >10.
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Governing Equations:

The governing equations are:

Continuity Equation:

6u+@=0

Y - (2)

Momentum Transport Equation:

The momentum transport equations in the x, y
and z directions are respectively:

ua—u+v%=—1@+vvzu ..(3)

ox oy  pox

ou ov
U—+4V—=

ox oy
_E@Jrvvzu_ﬁg(rw—T)cos/i ..(4)
p oy

oW  ow
U—+V—=

OX oy

—E%Jrvvzw—ﬂg(rw—T)sin/l ..(5)

Energy Transport Equation:

In the absence of energy sources and viscous
energy dissipation, the energy equation for steady
flow, with radiation incorporated is:

oT oT _oT  (o%y o2y

U—+V—+W— =0 +

ox oy 0z ox*  ox®
+OKR8(T4 T*) ..(6)
Py

The boundary conditions for these equations are:

T=T,
U=vV=W=0
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Vorticity-Stream Function Method:

This method is used to eliminate the pressure
terms in the two momentum equations in x and y
directions by cross differentiation to the equations
(3) and (4):

au ou o°u  ovo o°u o°p
—+u +—— 4V =——
X Ox  oxoy oyoy  oy? oxoy
y
9y (7
(o5
auav+ 8_2\/ o Vazv _o%p
oxox  ox* oy Ooyox  oxoy
Racosﬂ 80
.(8)
ox® ay OX Pr

By subtracting equation (7) from (8) and
substitute vorticity definition, the following
equation can be obtained:

ow ow  O°w aw Racos)tae
Uu—+v—=
x> oy® Pr

OX oy

— =9

Normalization Parameters:

The variables in the governing equations and

boundary conditions are transformed to
dimensionless formula by employing the
following transformation parameters:
x=2  y=Y z_-Z
d d d
gy vd o wd
Vv Vv Vv
2
T
QZLa@ _4p\3/ Re’ 6T_ > 7Pr:!
T, oz d oz Prd
AcET;}
N: &‘W’tzKRd,U:a_l//, __6_!'”
Kk oY oX

By using the relation above the equations (5,
6 and 9) became:
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Vorticity Definition Equation:

_ %

2
_ax2+aw

oY?

..(10)

Momentum Equations:

oy b0 Oy o (0’0 0w
oY oX oX oY | ox?  oy?

Racos/l 69
Pr oX
oy W _ oy W _(azvv +azvvj

(11

oY oX oX oY oX? oY?

Rasin A
1-6
Pr ( )

+4Re—

(12)

Enerqy Equation:

oY X oOX oY Pr

v oo _ovoo_1(d0, 5%
oX? oY?

W N2
Pr 4F>(1 6)

..(13)

The boundary conditions applicable to these
equations are (Fig. 2):

(1) At the inlet of the duct (Z = 0):

U=V=y=0=0
=05, W =Re

(2) At the walls:

U=V=W=y=0
0=1

a0 61// oo _ oW

X  oX  oX

=0 (symmetry plane
"X "X (symmetry plane)
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2

> X
Inlet Conditions
Y U=v=w=0
v=00=1
o
I ﬁ
=7 -
e S e
f ? ﬁc'
D > u=viw=0 5 ;
y=0,0]=1
> X
U=v=w=0
y=0,0=1

Boundary Conditions

Fig. 2. The Inlet and Boundary Conditions.

3. Numerical Solution:
Numerical Grid Generation:

The elliptic transformation technique which
was originally proposed by (Fletcher, 1988) is
applied to generate the curvilinear grid for dealing
with  the irregular cross sections. The

transformation ~ functions &=¢&(X,Y) and

n:n(X,Y) are obtained to accommodate the

irregular shape by solving the following partial
differential equations:

s;éz +% =G(&,n) ..(14.a)
o’n @ _
PRV S(&,7n) ...(14b)

where G and S are two functions which are
defined to artificially adjust the density of the grid
locally. Using the curvilinear grid obtained, the
governing eg. (10-13) and the boundary
conditions are then discretized and solved in the

computation domain (&,7).

In this work, an (81 X 61) grid in the
transformed domain (&x7) is adopted. Fig.(3)
shows typical grid generated for the channel cross
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section. The grid systems have been properly
adjusted to be orthogonal locally at the
boundaries.

S
L A7

\‘\‘s\$@~
S

X

Fig. 3. The Generated Grid.

By using this method, the following general
equation can be used to generate all the governing
equations (10-13) in computational coordinates
formula:

Jr(‘/’q¢¢ ~v.:9, ) = (T¢¢ +@f, + o

~ 26,8, + 74, )+suI?  ..(15)

Where ¢ represent the general variable which
may be o, W or 0 and su is the source term.

4. Finite Difference Formulation:

The three-point central difference formula is
applied to all the derivatives. Each of the
governing equations can be rewritten in a general
form as:

P % i) = A€\, i) T AW )P i)
+an; @ o) + 88 )@ 0 T SYq ) day) -(16)
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where:
ap, ;) = 2lay )+ 74.p)

ag; j) = @y j) — B
aw; j) = &y j) + B
ang ;) =75 —C

_ Yiijv) ~— VY /
C=|=J,)r 5 @G | /2

By
2di )

= Bivjon) t Piai- T SUG ()

SU(i,j) = (¢(i+1,j—1) - ¢(i—1,j+1)

In the equations above i and j indicate to the
points of the grid in the generalized coordinates
&and n respectively.

As pointed out in (Anderson, 1984) the
Relaxation method can be employed for the
numerical solution of the eq. (10). For this study,
the LSOR method [Fletcher, 1988 and Anderson,
1984] is used to solve equations (11, 12 and 13).
The convergence criterion for the inner iteration
(Erroriy) of v is 10 and for the outer iteration

Erroray) of 8, is 10", where:
( b

Error, = Z(al(i,j) Jr7’(i,j))A‘//(i,j) (A7)
it+1 it
_Yain Y

where RP is the Relaxation Parameter and equal
to 1.1 and it represent the number of iterations.

The outer iteration is checked only for &, as
follow:

0it+1 _ eit B
Error,, =—2——> <107 ..(19)

b
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5. Evaluation of Heat Transfer:

The peripheral heat transfer is defined through
the conduction referenced Nusselt number as:

Local Nusselt number:

The peripheral local Nusselt number on the
walls of the channel is computed from [Bello-
Ochende & Adegun]:

_o0
onj,

Nu, =
o1-96,

.(20)

where n represent the normal outward unit vector.

The mean Nusselt number on the wall of the
rectangular duct and circular tube is obtained by
using Simpson's rule:

1
Nu,, =ng Nu, ds ..(21)

where s represents the length of the wetted
perimeter in the rectangular duct and circular
tube.

The mean Nusselt number (Nu) is a measure
of the average heat transfer over the internal
surface of the rectangular duct and the outer
surface of the circular configuration. It is
computed from the following equation [Bello-
Ochende & Adegun]:
Nu =C.Nu. +C, Nu, ..(22)
where, Cc Nuc is a measure of average heat
transfer from the outer surface of the circular core
while C; Nu, corresponds to heat transfer from of
the internal surface of the rectangular duct. C. and

C, are the perimetric ratios for the heat transfer
and are defined as:

CC:L
H+L+7R

~ H+L
" H+L+aR



Manal H. Al-Hafidh Al-Khwarizmi Engineering Journal, Vol.4, No.4, PP 45-56 (2008)

6. Results and Discussion: The number of nodes in & and 1 directions has
very small effect on the value of Nusselt number
Results are presented for the following ranges on the walls of the channel as shown in Figs (5a)
of parameters: and (5b).
0.1<GR <09 14
0.55<AR<1 .
0<N<100 12|
0<t<10 i
Re = 100, Ra =400, Pr =0.7 10}
s 8F
6.1 Comparison of Results: S f
6 -
The comparison was made for the value of -
Nu, at the walls of the channel (rectangular duct af
and circular tube) with the previous results A
obtained by Bello-Ochende & Adegun. These oF T
comparisons are shown in Figs. (4a) and (4b). i
From these figures, a difference (approximately ob Y —

10%) is found between these results. E
Fig.5a. The Variation Of Nu,, On The Rectangular
Duct Walls With The Number of Nodes (along &).

[=2]
o

Nu, - Present Study

— — — = Nu- Present Study

- Adegun

— === Nu, - Adegun |

ul
o

[
S

N
o

Re =100, Ra = 400 I
N=5t=14R=1 ;
Pr=0.7)1=45

=
N

Nu,
w
o

.
o

o
o\\\\|\\\\|\\\\|\\\\|\\\\|\\\U(|\\\\

N
o
o\\\\l\\\\l\\\\l\\\\l\\\\l\\\\

[e)

S
=
10
1 1 ol 1
0 0.2 0.4 0.6 0.8 1 4
GR W -
Fig.4a. Comparison Results (without radiation). ) - - gi Xgi
X
[ [ S WA TR S N AN NS NN
60 0 05 1, 15 2
B Nu,, - Present Study P
I — — — — Nu,- Present Stud: . .
A - Nzi Adogun Fig.5b. Continued (along n).
) I Nuy, - Adegun |

40| Re=100, Ra =400 i
L N=5t=14R=1 ;
- Pr=07,0.245 h

6.2 Effect of GR:

Nu;

or The heat transfer process through the channel
suffers from many changes due to the layer of the
still air in the corners as shown in Figs (6-8). This
layer cause to increase the thermal resistance and
that lead to decrease the rate of heat transfer. The
heat transfer rate through the wall of the circular

0 ‘ofzr‘ e tube is uniform and greater than that on the walls

20

10|

_ _ GR o of the rectangular duct. The direction of the heat
Fig.4b. Continued (with Radiation). transfer from the walls towards the core of the
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channel is shown by the isotherm lines. When GR
is larger than 0.2, two cells will be generated and
the center of these cells had a minimum
temperature. As shown in Figs (6-8), the volume

of these cells decreased with increasing GR value
and that because of the decreasing of the confined
area between the walls and the temperature of
these cells increased.

%
0.0113142
0.010542

0.00976985
0.00899768
0.00822551
0.00745335
0.00668118
0.00590901
0.00513685
0.00436468
0.00359251
0.00282034
0.00204818
0.00127601
0.000503842

PR R PR
oRrNwWhAOG

PNWAUON®O

0

15  0.98977
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12 0.959079
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0.867008
0.856778
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v
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0.000259259
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4.35409E-05
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oOrRrNWAG
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0
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0.986357
0.984651
0.982946
0.98124

0.979535
0.97783

0.976124
0.974419

PREPERERE
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3.98516E-05
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0
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Fig.8. Streamlines and Isotherms for GR = 0.8.
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Streamlines are shown in Figs. (6-8). With
increasing the value of GR, two cells will be
generated inside this big cell. The maximum value
of stream function is at the center of these two
cells. When GR increased greater than 0.2, two
additional cells will be generated and their centers
have the minimum value of the stream function.
These cells are generated because of the
difference between the velocity of particles in the
hot and cold regions, in addition to the impact
between the rising and lowering air streams. The
volume of these cells will be decreased with
increasing in GR value until small four cells
generated.

Fig. (9) illustrates the variation of mean
Nusselt number Nu through the channel with GR
value. It is shown that when GR increased then
Nu increased, this is due to the effect of
increasing in the surface area of the circular wall.
This increasing of the surface area leads to
increase the rate of heat transfer. The radiation
effect is very small for the small values of GR.
This effect increased with increasing in GR value
because of increasing the heat gain by air with
decreasing in the air quantity.

Without Radiation
— — — - With Radiation

3 B /
= [ AR=1,N=5t=1,1=45 /
30 Re=100, Ra=400, Pr=0.7 ;
20f
10
0’ 1 L 1 1
0 0.2 0.4 0.6 0.8 1

GR
Fig. 9. The Variation of Nu With GR

The bulk temperature of air increased with
increasing in GR value as shown in Fig. (10) and
that because of increasing in the surface area
which participating in the heat transfer process
and that result to increase the rate of heat transfer.

W

15 0.00089873
14 0.000806143
13 0.000713557
12 0.00062097
11 0.000528383
10  0.000435796
9 0.00034321

0.000250623
7 0.000158036
6 6.54494E-05
5  -2.71373E-05
4 -0.000119724
3 -0.000212311
2 -0.000304898
1 -0.000397484

0

15 0.997324
14 0.994648
13 0.991971
12 0.989295
11 0.986619
10  0.983943
9 0.981267
0.97859
7 0.975914
6 0.973238
5 0.970562
4 0.967886
3 0.965209
2 0.962533
1 0.959857

Fig.10. The Variation of the Bulk Temperature with GR.

6.3 Effect of AR:

Figs. (11-13) show the streamlines and
isotherms of the fluid flow and heat transfer
process. When AR is equal to 1, four cells will be
generated. With variation in AR, the behavior of
the streamlines will be changed. When AR
decreased the two cells near the circular tube is
beginning to vanish. When AR decreased less
than 0.6, two cells will be occupied most the
confined area between the walls of the rectangular
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duct and the circular tube. The intensity of these
cells will be increased with decreasing in AR.
While, the value of the stream function of the
center of these cells will be decreased because of
decreasing the confined area between the walls.

For the isotherms, it shows that when AR
decreased the two cells tends to be near top and
bottom the channel walls since the outer and
internal boundary of this channel is closer of low
values.
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Fig. (14) illustrates the variation in the mean

M 0 value of Nu with AR. This figure shows that when
12 0.000173375 8 0.997629 - - -
11 0.000155548 7 0995258 AR is increased Nu will decrease because of the
10  0.000137722 6 0.992887 - - - - -
9 0000119896 5 0990515 increasing in AR lead to increase the cross section
8 0.00010207 4 0.988144 - - -
7 84243305 3 0985773 area, and that led to increase the intensity of the
S osaoreos 3 oenton air vorticity and the effect of the buoyancy force
3 1203108 which then decrease the rate of heat transfer. The
1 Ssaaaeor effect of radiation is noted for AR < 0.8, but with

increasing in AR, the effect of radiation will be

neglected.
22
21 :_ \ Without Radiation
- \ — — — — With Radiation
20F
Fig.11. Streamlines and Isotherms for AR = 0.6. 10 3 \\
- \
18 \
- \
& - \ GR=0.5,N=5,t=1,A=45
. , = 17F N Re = 100, Ra = 400, Pr = 0.7
13 0.000317373 0.997648 16
12 0.000289816 0.995295 -
11 0.000262258 0.992943 -
10  0.000234701 0.99059 15
9 0.000207144 0.988238 -
8 0.000179587 0.985886 B
7 0.000152029 0983533 14
6 0.000124472 0.981181 n
5 9.69146E-05 0.978828 -
4 6.93573E-05 0976476 3
3 4.18E-05 0.974124 E
T Tmaseos 125
Fig.14. The Variation of Nu With AR
6.4 Radiation Effect:

Fig.12. Streamlines and Isotherms for AR =0.8. The correlation equation for the plotted curves
is presented to know the radiation effect on the
rate of heat transfer. This equation is made by
using the curve fitting method with using Data Fit

' program. The form of this equation is:

0975 F

0.95 ; Nu = q + aZQa3
0.925; ; Without Radiation .
g — — — — With Radiation where a;, a, and a; are coefficients and are
09k tabulated in table (1).
- 5 AR=1,N=5t=1,1=45
<0875 F 0 e b= ‘For the bulk temperature, the effect of
osskE radiation will be written as follow:
0.825 :— -3
g 0, =—12.287 +13.304GR***°
0.8} . ..
g (With Radiation)
0.775F -3
B 0, = —15.747 +16.763GR>**°
- TR -1 TR TR -1 . . -
0754 0.25 0.5 0.75 1 (Without Radiation)
GR

Fig.13. Streamlines and Isotherms for AR = 1.
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Table 1
The Radiation Effect
o With Radiation Without Radiation
ai az az ag a asz
GR 7.577 44.648 3.1 6.5677 39.176 2.887
AR 12.117 0.58597 - 455 13.0733 0.03231 - 9.0938

6.5 Effect of Radiation Properties:

Fig. (15) illustrates the effect of optical
thickness t and conduction-radiation parameter N.
It is shown that when t and N are increased Nu
will be increased, but the increasing in t will be
greater than N, this is because the optical
thickness is powered to 2 into the radiation term
as shown in eq.(10).

15

15|

S135
AR=1,GR=0.51=45
[ Re=100, Ra=400, Pr=0.7

13

125F

ol
0 25 50 75 100
Optical Thickness, Conduction-Radiation
Parameter

Fig.15. The Effect of Radiation Properties.

7. Conclusions:

It can be concluded from the present work
that:

(1) The rate of heat transfer is increased by 87%
with increasing GR from 0.1 to 0.9 and the
heat transfer process is become conduction at
GR =0.9.

(2) Nu increases by 45% with decreasing in AR
from 0.55 to 1.

(3) The isotherms show two cells formed for GR
> 0.2 and the streamlines show two cells
formed for GR < 0.4 but four cells will be
generated when GR > 0.4 until 0.8.
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(4) The radiation effect on the heat transfer
coefficient is known by making a correlation
equations and this effect show that Nu will be
increased.

(5) Increasing the radiation properties (t, N), the
radiation effect will be also increased.

8. Nomenclature:

A Cross-sectional area (m°) .

AR Aspect Ratio (L/D).

Cp Specific heat at constant pressure
(I/kg.K).
Major diameter (m).

d Hydraulic diameter (4A/ P7).

g Acceleration due to gravity (m/s?).

GR Geometric ratio (D/L).

h Heat transfer coefficient (W/m?.°C).

H Height of the rectangular cross
section (m).

Jacobean of direct transformation.

k Thermal conductivity of the
working fluid (W/m.°C).

KR Volumetric absorption coefficient
(1/m).

L Length of the rectangular cross
section (m).

n Outward normal on the wall.

N Radiation-Conduction parameter.

Nu Mean Nusselt number.

Nuc Mean Nusselt number for the
circular surface.

Nu, Mean Nusselt number for the
rectangular duct.

Nu.c Local Nusselt number.

p The small pressure variation

governing the flow distribution in
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the cross stream plane (N/m?).

P Average pressure over the duct
Cross section.

P Wetted perimeter (m).

Pr Prandtl number, Pr = ‘; .

R Radius (m).

Ra Rayleigh number.

Re Reynolds number .

t Optical thickness.

T Dimensional fluid temperature (K).

Ti Dimensional inlet fluid temperature
(K).

Tw Wall temperature (K).

u, v, w Dimensional velocity in x, y and z-
directions (m/s).

U, V, W Normalized velocity in X, Y and Z-
directions.

X,Y,z  Dimensional Cartesian coordinates
(m).

X,Y,Z Dimensionless Cartesian

coordinates.

9. Greek Symbols:

Coefficient of thermal expansion

¢ (mis).
B Thermal diffusivity (m%s).
Emissivity.
Dimensionless Computational
& coordinates.
Normalized fluid temperature.
0 Normalized inlet fluid temperature.
0 Normalized bulk temperature.

A Inclination to the horizontal (°).

v Kinematic viscosity of the fluid (m?%s).
p Fluid density (kg/m®).

o Stefan Boltzmann constant (Wm? / k“).
1 Dimensionless Stream function.

® Dimensionless Vorticity.

10. Supscripts:

b Bulk
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11.

[1]

(2]

(3]

[4]

[5]

[6]

[7]

(8]

9]

Circle
Inlet
Local
Rectangle
Wall
Radiation
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